Beltrami states for several models of plasma dynamics are deduced by minimizing the appropriate total energy while keeping the appropriate total helicity constant. A non-canonical Hamiltonian formulation framework is used to carry out these variational problems. The diversity of the underlying physics notwithstanding, the various plasma models apparently exhibit some common features in the Beltrami states.
Introduction
It is well known that significant classes of exact solutions of the equations of plasma dynamics emerges under the Beltrami condition -the local current density is proportional to the magnetic field -the force-free state (Lundquist [1] , Lust and Schluter [2] ). These Beltrami solutions are also known to correlate well with real plasma behavior (Priest and Forbes [3] , Schindler [4] ). The purpose of this paper is to give the Beltrami states for several models of plasma dynamics. Though these plasma models have quite diverse underlying physics, the Beltramization process appears to induce exhibition of some common features by these plasma models in the final Beltrami states. The Beltrami states are deduced using a noncanonical Hamiltonian formulation framework of the various plasma models.
The MHD Model
Let us first consider the MHD model as a preamble to discussion of several more complex models of plasma dynamics as well as illustrate the non-cononical Hamiltonian formulation framework used in the various plasma dynamics cases. The MHD equations (in the usual notations) -
have the Hamiltonian formulation 1 -
where, 
where δH/δq is the variational derivative, and
The right hand side in equation (5) may be viewed as the Poisson Bracket in question.
The Casimir invariants for this problem are annihlilators of the Poisson brackets which become degenerate when expressed in terms of these natural quantities. The Casimir invariants are solutions of the equations -
It may be verified that two such solutions are
or
and
C (1) is the total magnetic helicity while C (2) is the total cross helicity. The invariance of the total magnetic helicity is related to the conservation of the degree of knottedness of magnetic field lines (Moffatt [6] ). The invariance of the total cross helicity is related to the conservation of the degree of mutual knottedness of vortex lines and magnetic field lines -this remains intact even though the vortex lines are no longer frozen in the plasma in the MHD model (Moffatt [6] ).
Minimization of H, keeping C (1) fixed, gives for the Beltrami state -
which is the force-free state (Woltjer [7] ). On the other hand, minimization of H, keeping C (2) fixed, gives for the Beltrami state -
which is the Alfvénic state (Hasegawa [8] ). Further, in the Beltrami state given by (13) and (15), we obtain the Bernoulli condition -
as in the hydrodynamic case.
The Compressible MHD Model
Complications arise for treating compressible MHD cases, because the plasma pressure field is now determined by thermodynamics and hence plays a dynamical role (and is no longer a passive variable as in incompressible MHD where it simply adjusts instantaneously so as to keep the velocity and magnetic fields solenoidal). Some of these complications are resolved by assuming the plasma to be barotropic, i.e., the plasma pressure is a single-valued function of the plasma density. This assumption circumvents the necessity to close the compressible MHD equations by adding an equation of state and an equation of the evolution of internal energy. Assuming the barotropic condition
the compressible MHD equations
have the Hamiltonian formulation -
where,
which implies the restrictive condition ∂ρ/∂t = 0 -but this suffices if the goal is to get a grip over the final Beltrami state rather than follow the actual dynamics of the Beltramization process (Shivamoggi and van Heijst [9] ). The Hamilton equations are then
The Casimir invariants for this problem are solutions of the equations -
It may again be verified that two such solutions are
It is to be observed that the conservation of total magnetic helicity does not require barotropic conditions unlike the conservation of total cross helicity, which is predicated on the existence of equation (18).
Minimization of H keeping C (1) fixed gives the force-free state
while minimization of H keeping C (2) fixed gives
which is the generalized Alfvénic state. Further, in the Beltrami state given by (27) and (28), we obtain the Bernoulli condition -
as in the compressible hydrodynamic case [9] .
The Hall MHD Model
In a high-β plasma, on length scales in the range d e < ℓ < d i , where d s ≡ c/ω ps , s = i, e, is the skin depth, the electrons decouple from the ions and this results in an additional transport mechanism for the magnetic field via the Hall current (Sonnerup [10] ), which is the ion-inertia contribution in Ohm's law (see equation (31) below). The Hall effect leads to the generation of whistler waves whose -
• frequency lies between ion cyclotron and electron cyclotron frequencies ω ci and ω ce , respectively,
• phase velocity exceeds that of Alfvén waves for wavelengths parallel to the applied magnetic field less than d i .
Further, the Hall effect leads to a faster magnetic reconnection process (Mandt et al. [11] ).
The Hall MHD equations (which were actually formulated by Lighthill [12] long ago following his far-sighted recognition of the importance of the Hall term in the generalized Ohm's law) -
The Hamilton equations are then
The Casimir invariants for this problem are solutions of equations -
as with classical MHD,
which is the generalized cross helicity.
Minimization of H, keeping C (1) fixed gives
On the other hand, minimization of H, keeping C (2) fixed gives
which is the generalized Alfvénic state Combining (42) and (44), we obtain for the Beltrami state -
in agreement with that given by Turner [13] . Further in the Beltrami state given by (42) and (44), we obtain again the Bernoulli condition -
The Compressible Hall MHD Model
Assuming the barotropic conditions
the compressible Hall MHD equations
which implies the restrictive condition ∂n/∂t = 0 -but, as explained in Section 3, this poses no problem in dealing with Beltrami states. The Hamilton equations are then
which are the same as (38) and (40) in incompressible Hall MHD! Minimization of H keeping C (1) fixed gives
which is the generalized Alfvenic state. (57) and (58b) are in agreement with those given by Mahajan et al. [14] . Combining (57) and (58), we obtain for the Beltrami state -
as in the incompressible case given by Turner [13] , namely, equation (45). This appears to be inevitable because on rewriting equation (45) or (59b) in the form
one observes that the vector fields B, J, and ω are solenoidal for both incompressible and compressible MHD Beltrami states. This aspect of the Hall MHD Beltrami state is therefore a robust one that is not affected by the compressibility effects (albeit in the barotropy assumption). Physically, (59b), of course implies that the Hall MHD Beltrami states are not force-free (J = aB) nor Alfvénic (v = bB)! Further, in the Beltrami state given by (57) and (58), we obtain again the Bernoulli condition -
as in the compressible hydrodynamic case.
The Electron MHD Model
In the MHD model, the dynamics is dominated by ions with electrons serving to shield out rapidly any charge imbalances. In electron MHD (EMHD), with ℓ ≪ ρ si , ρ s being the gyroradius, on the other hand, the dynamics is dominated by electrons with the demagnetized ions serving to provide the neutralizing static background (Kingsep et al. [15] , Gordeev et al. [16] ). The assumptions underlying the EMHD model are ℓ ≪ d i and that the frequencies involved are greater than ω ci and ω pi . The magnetic field transport equation is
On using the electron mass conservation condition ∂n e ∂t + ∇ · (n e v e ) = 0 (63) and the barotropic condition (47), equation (62) may be rewritten as
D Dt
B e n e = B e n e · ∇ v e .
On introducing the vector potential -
with the gauge condition -
imposed to render A unique, equation (62) leads to
φ being an arbitrary scalar function. Equation (67a) may be rewritten as
Note, from (62), (65), and (68), we have
We obtain from equations (64) = B e n e · ∇ (v e · A e − φ) .
(70)
Suppose S be a magnetic surface enclosing a volume V and moving with the electron fluid; consider the generalized electron magnetic helicity -
Then, on noting the mass-conservation condition for an electron fluid element -
and using equation (70), we have,
becausen · B = 0 on S. Thus, we have in EMHD -
Variational Formulation
Consider now states resulting by minimizing the total energy -
subject to constancy of the generalized magnetic helicity -
In the second statement of equation (75), we have neglected the displacement current ∂E/∂t and changes in n e -this is valid if ω ≪ ω 2 pe /ω ce , and assumed the electron temperature T e is constant.
This leads to
which may be rewritten as
which is a double Beltrami state in B e . On the other hand, the equation of motion of the electrons, on assuming the barotropic condition (47), is , m e ∂v e ∂t + e m e E − v e × Ω e = −∇ v 2 e 2 + P e .
Upon taking the curl of equation (79), we obtain
where we have noted,
The Beltrami state is then given by
a being on arbitrary function of space and time. (83) may be rewritten as
which is a double Beltrami state in B but is isomorphic to equation (78) given by the variational development. Thus, the Beltrami state in EMHD continues to possess the usual variational characterization -the minimizer of energy on iso-helicity surfaces.
Further detail on this Beltrami state like the determination of the arbitrary function a in equation (83), becomes available on posing a non-canonical Hamiltonian formulation of equation (81).
Non-canonical Hamiltonian Formulation
The Hamiltonian for this system is
where n e v e ≡ ∇ × ψ e .
(87) implies the restrictive conditon ∂n e /∂t = 0 -this, as mentioned previously, is the assumption underlying the EMHD model. (86) may be rewritten as
which, on using (87), becomes
We assume either thatn · Ω e = 0 on a surface S which bounds the volume V and moves with the electron fluid or that V is unbounded and Ω e falls away sufficiently rapidly.
We take Ω e to be the canonical variable and the skew-symmetric operator J to be
The Hamilton equation is then
as required(equation (61)).
The Casimir invariants for this system are solutions of the equation -
from which,
so,
which is simply the generalized electron magnetic helicity given by (71).
The Beltrami state is the minimizer of H keeping C constant, and is given by δH δΩ e = λ δC δΩ e (94)
or n e v e = λΩ e (95b) which is just the Beltrami state (83), with a = n e λ . Further, in the Beltrami state given by (95), we obtain again the Bernoulli condition -
The Compressible Hall MHD with Electron Inertia Model
Let us now consider compressible Hall MHD with electron inertia with length scales in the range l < d e The equation of motion of the ions, on assuming the barotropic condition (47), is
Equation (97) may be rewritten as
Upon taking the curl of equation (99), we obtain
On the other hand, from the equation of motion of the electrons, namely, equation (79), we obtain ∂Ω e ∂t = ∇ × (v e × Ω e ) .
From equations (81) and (100), the Beltrami state is then given by
a and b being arbitrary functions of space and time.
Assuming the quasi-neutrality conditionn e ≈ n i = n (102) and combining equations (83) and (101), we obtain c e ∇ × B − ne c
which reduces to equation (59), on dropping the electron contribution. Further detail on this Beltrami state, like the determination of the arbitrary functions a and b in equations (83) and (101), becomes available on posing a non canonical Hamiltonian formulation of equations (81) and (100).
Non-canonical Hamiltonian Formulation
where, n e,i v e,i ≡ ∇ × ψ e,i
(106) again implies the restrictive condition ∂n e ,i ∂t = 0− but, as explained in Section 3, this poses no problem in dealing with Beltrami states. (105) may be rewritten as
which, on using (106), becomes
We assume that V is unbounded and Ω e,i fall away sufficiently rapidly. The Hamilton equations are then
The Casimir invariants for this system are solutions of the equations -
which are the generalized ion and electron magnetic helicities, respectively. The Beltrami state is the minimizer of H keeping C ( 1) and C ( 2) constant, and is given by 
and nv e = λ 2 Ω e
which is just the Beltrami state (83) and (101), with a = n λ 1 and b = n λ 2 .
Further, in the Beltrami state given by (117) and (118), we obtain the Bernoulli conditions -
P e + 1 2 v 2 e = const, ∀x ǫ V (120)
Discussion
The emergence of a significant class of exact solutions of equations governing several models of plasma dynamics and their correlation to real plasma behavior raises the question: Do plasmas have an intrinsic tendency towards Beltramization? Though a definitive answer of this question is not available yet, it may be of some help to note that the Beltramization process provides the means via which the plasma system in question can accomplish -
• ergodicity of the streamlines of the respective flow (Moffatt, [17] )
• selective dissipation of total energy (Woltjer [7] ).
Furthermore, in this paper we have seen that the Beltramization process also induces exhibition of some common features like the Bernoulli condition by the various plasma models in the final Beltrami states, despite quite diverse underlying physics.
